



































































































































Section Separation Theorems

Part I of this text is concerned w duality correspondences

Rockafellow states that separation theorems are the
foundations for duality correspondences Almost everything

that follows in this chapter is based on the fact
that a hyperplane ink divides R evenly in two
Definition
A hyperplane It is said to separate C 4 C if C

is contained in one of the closed half spaces
assoc w H and Ca lies in the opposite

closed half space
It separates C 9 Ca property if 44 Ca are

not both contained in H itself
It separates C 4 Cz strongly if F E O

St CHEB is contained in one of the
assoc open half spaces 4 CHEB is contained in

the opposite open half space
other kinds of separation are considered in general e.g
strict separation C 4C must simply belong to

opposing open his however proper 4 strong

separation are most useful for our purposes
Ha HH properly strictly

add strongly separates

stekpatnakespropegiq

i
H Assume GACEO but clk.lkk4tcf

Hi properly 4 strictly separates
C 4 Cs but not strongly






































































































































Theoremll 1

Let C GER be non empty sets 3 a hyperplane

separating C G Cs property iff F a vector b St
Cal int Hb lxCCBSsupcex.hn xeCz3

i
b sup Cx b Ixec infkx b I recd

Additionally 3 a hyperplane separating C G G strongly
iff F a vector b s.to

ii c int exist xeG sup Kab 1 623
Proof
i I Suppose t b satisfying a di b 4 let f be sit

III exists BeEEEexib
bio 4 Belk H Ext exists is a hyperplane Knm 1.3

Then C C Hexib ZB 4 Cac Hex b EB
Condition b implies C 4 Ca are not
both contained in H ice H separates C 4 G

properly W
G Assume 44 Cr can be separated properly then
there exists b 4 B sit H Exlexb7 B3 9
xe4 existed 4 xeCa ex b EB w one

one of these inequalities strict for at least one

exec or execs therefore b satisfies Cal 4 b E

Cii K If b satisfies E we can choose Belk 4
or O St Ex b 7 Btc tenrec 4 Crib e B d F execs

Then 3 Eto such that Icy b led tf ye EB Let

Xe C 4 y EEB then
b 7 B SB I B






































































































































exty b ex b tey b Btc S B C tEBc Hexb7 B

Similarly we have tEBc xKx b7eB3 Therefore

H xKx b7 B3 separates 44 G strongly VV
G Assume C KG can be separated strongly then

3 b da B s.t

III exist IIIgexistEeyb7zBzsg ex b Ely.br E.exib9

Now we turn to the existence question which is

given two sets can we find a separating hyperplane

theorem

let Celkh be a nonempty relatively open Cvx set
and let MelRh be a non empty affine set

not meeting C i.e MAC01 Then 7 a

hyperplane H containing Al sit one of the

open half spaces assoc w H contains C

Proof
If M is a hyperplane ie M is n1 dimensional then

we are done M separates C otherwise Mnc701
Therefore WLOG assume µ is not a hyperplane

Setup
D we will construct an affine set M one
dimension higher than µ sit again IN'AC

2 In n steps or less this will determine a

hyperplane H Hrc 0 which will prove the
theorem






































































































































WLOG assume OEM so that M is a subspace

Of C then C Cen bat of Ctu Miley 1H is

not a hyperplane the subspace Itt contains a two
dimensional subspace P Define C PAK MI C is a

relatively open Crx set in P Cor 65.1 rifmkNDPArik.in
Cur 6 6.2 rice M rice rich C M G Ofc Now

we want to find a line L through O in P not

meeting C then M MTL is one dimension higher
than M 4 MAC if CHt4nct then 4k alto
which contradicts LAC by construction WLOG identify

P w LTE

Cased

C'is empty or zero dimensional then finding L is trivial
Ciilaffc is a line not containing 0 take L to

be the parallel line through O

iii aff C is a line containing 0 take L to be
the perpendicular line through O
iv c is two dimensional and hence open then

K 0KC is the smallest convex cone containing C Kon 2 6.3

Note that K is open and does not contain 0
Therefore K is an opere sector of 1122

corresponding to an angle no greater than
a Take L to be the line extending one

of the two boundary rays of the sector E

j






































































































































TheoremHICMain Separation Theorem

Let 4 ca EIR be non empty ax sets In

order that there exists a hyperplane separating

44 Ca Hy it is necessary and sufficient that
rice 9 rica have no point in common

Proof
consider the aux set C G Ca then ritric rica Thm 6.6.21

So 0 ric iff ric Arica Since Oetric Thin 11.2

guarantees the existence of a hyperplane containing

A 03 Set ric is contained in one of the
assoc his now Ccclcric implies C is contained

in the closure of the halfspace Therefore if Africa
7 b sit

oe IEEEx.by III Ex b7 III Exam
OEEEEExib7 sxYE.hn b7 IhIgEx.b7

Now Thin 11.1 implies 44 G can be separated properly
Conditions in 111 imply Oetrild since they assert

the existence of a h s D Exley's Is containing C

where rid Acto riccriD Cor 6.5.21 LT

Example Why does 115 only give proper separation

Consider

G 4,9115 0,3225 4 Ca EB 0 15,203

Then GAG 4 but the only separating hyperplane is the
4 axis which contains all of La That is C 4 G are

properly separated but NOT strongly separated






































































































































theorem
Let 4 Ln412 be non empty cux sets In order that

there exists a hyperplane separating G G G
strongly it is necessary 4 sufficient that

inf Ix xzllx.ec xaEG 0

or in other words that 04 olla Ca

Proof
By defn of strong separation F E 0 Sit

ENRICHED Considering tEBMCatEB Thin 11.3
implies CHEB 4 CHEB can be separated properly
ie GtEBtEB 4 CztEBtEB belong to opposite

closed has so that GtEB 4 EB belong to

opposite open hos That is C G G can be
separated strongly iff for some ETO the origin
is NOT contained in

CHEB CHEB G Cz ZEB
ice ZEBA Ci Ca for some E 0 which says
0 d G Cal

Skipping Corollary 114.1 b c it depends on recession

corollaryll.tn 2

Let 4 EIR be non empty cux sets whose

closures are disjoint If either set is bounded

7 a hyperplane separating C G Cn strongly
Proof
see book depends on recession 4 Corollary 114.1






































































































































TheoremHI updated in 18.8
A closed Cvx set C is the intersection of the
closed half spaces which contain it
Proof
Assume 0 14112 otherwise it is trivial Consider

aEC then G Ea 4G C satisfy 11.4 implying
3 hyperplane H separating Ea3 4 C strongly One

of the closed has assoc w H contains C but

not a therefore the intersection of all closed half
spaces containing C contains no points other than
those in C I

corollary.lt
Let s be any subset of Rh The accoms is the

intersection of all the closed half spaces containing S

corollary.tl 2
Let C be a cur subset of R other than 112 itself
Then 7 a closed half space containing C ie there
exists some belR set the linear fate b is bounded

above on C

Definition
A supportinghalfspace to a cux set CER is a

closed hs containing C 4 has a point of C in

it's boundary

A supportinghyperplane to a aux set C is a hyperplane

which is the boundary of supporting his to C






































































































































supporting hyperplanes are H Exteribs73 b70 w

ix b EBVx.CC 4 Free C sit Ex b7B ie a supporting

hyperplane is assoc w a linear fat which achieves its
maximum on C We consider nontrivial supporting hyperplanes

to C which are supporting hyperplanes to C that
do not contain C itself
theorem
Let C be a convex set 4 let D be a non

empty ax subset of C leg a single point In order
that there exists a non trivial supporting hyperplane to
C containing D it is necessary and sufficient that
D be disjoint from rice
Proof

Pcc the non trivial supporting hyperplanes H to

C St Dott are hyperplanes separating C l D

property Such H exist iff richriD Tum 115

Assume bhric.to then Cor 6.52 implies that

riDCric which is a contradiction Therefore we

have rib Arief is equivalent to DAried I

CoroHary
A art set has a non zero nomal at each of its bdry pts
corollary.lt
Let C be a cur set xecis a relative bdry.pt iff
there exists a linear fat h not constant on C st

h achieves its maximum over Cat x


